AN EXISTENCE THEOREM FOR THE CHARACTERISTIC
NUMBERS OF A CERTAIN BOUNDARY VALUE PROBLEM*

BY

H.T. DAVIS

The first comprehensive study of the properties of the solutions of a linear,
homogeneous, self adjoint differential equation of second order,

L @V @] +96, ) u@) =0

and a set of boundary conditions was made by Sturm in 1836.% Sturm, limiting
himself to a consideration of solutions which satisfied the boundary conditions

ou(@)tesu'(@) =0, Bu®)+8/u®) =0,

established many fundamental theorems. One primary object was to find
conditions upon the coefficients of the system sufficient to prove the existence
of values of 4 to which would correspond functions satisfying both differential
equation and boundary conditions. These values of 4 are called characteristic
numbers. In his investigation Sturm was led to study the problem of how the
zeros of these solutions depended upon the parameter and the coefficients of
the system. These results have been called oscillation theorems.

Mason,} restricting ¢(4, z) to the form A 4 (x) — B(x), extended Sturm’s
existence theorem to the case of general linear boundary conditions with
constant coefficients and gave an oscillation theorem for the special case

u(a) = u(d), o' (a) = u'(b).

Bocher, employing other means, removed Mason’s restrictions on g(4, x)
for the oscillation problem, except that a certain uniqueness of the values
of 2 was not proved.§

* Presented to the Society, April 15, 1922.
tJournal de Mathématiques, vol. 1 (1836), pp. 106-186.
$ These Transactions, vol. 7 (1906), pp. 337-360.
§Paris Comptes Rendus, vol. 140 (1905), p. 928.
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The next advance was made by Birkhoff who gave an existence proof and
an oscillation theorem for the solution u, of the self adjoint system of second
order except that he limited himself to the case where & =1 and the coefficients
in his boundary conditions did not vary with 1. Birkhoff’s method, like that
of Bocher, was based upon an application of Sturm’s theorems to this system.*

Ettlinger completed the extension to the case where k varied with 1 and
the coefficients of the boundary conditions were functions of 4. The essential
point of Ettlinger’s treatment of the problem was the introduction of a con-
dition which pertained to the sign of a certain determinant of fourth order
made from the coefficients and their A-increments.t

In a second paper,f Ettlinger used this condition in determining the
oscillation properties of solutions belonging to a general set of linear boundary
conditions.

The same problem with more or less generality has also been treated by
Haupt§ and Fort,|| the latter extending his results to a corresponding system
in difference equations.

The general theory underlying the methods of Sturm and a complete
formulation of the boundary value problem is to be found in Bocher’s Legons
sur les Méthodes de Sturm (Paris, 1917).

The object of the present paper is, first, to develop a general method of
attack for the existence problem applicable to an extension of the Sturmian
problem to equations of higher order than the second and, second, to apply
this method to the second order problem from which follows a simplification
of both argument and conditions.

The method will be found to be a slight modification of that employed by
Bocher, Birkhoff, and Ettlinger, use being made of the same principle of
comparing one system with another by means of their characteristic equations.

1. THE GENERAL PROBLEM

Suppose L(u) is any linear, homogeneous, ordinary differential expression
of mth order

L) = pn(x) % 4 pu 1(x) Yt pe@u

dn d n—1

*These Transactions, vol. 10 (1909), pp. 259-270.

+ These Transactions, vol. 19 (1918), pp. 79-96.

$These Transactions, vol. 22 (1921), pp. 136-143.

§ Dissertation, Leipzig, Teubner, 1911. Also, Mathematische Annalen, vol. 76
(1914), pp. 67-104.

||American Journal of Mathematics, vol. 39 (1917), pp. 1-26.
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and suppose that p, (x) is different from zero in the interval ¢ < 2 < b.
Consider. then, the two systems

L) = 0, Lu) = 0,
@D am
Ui(u) = 0, Vitw = 0 G=12....,m)

where U; and V; are expressions at two points @ and b of the form

aau(a@)+ epu' (@) 4 - + @inu®D(a) — Buu(d) — B2t (b)) — - -+ — Bin u®D (D).

Since the general solution of the differential equation may be written in
she form

U= ctyFcgtoF+ - 4 cpun,

where the functions u,, ..., u, are a fundamental set of solutions of the
equation, we are led to consider the following equations in order to determine
the ¢; for system I:

01U11+02U12+ coo+en Ui = 0,
aUn~+caUsps+ --- +CnU2n‘= 0,
C1 Un1+C2Un2+ o +CnUnn= 0,

where the notation U; has been used to denote U;(w)).
A similar set of conditions holds also for system II.
Consider, then, the two matrices

Ull e Uln Vll e Vln
Tl == L | ) Tg -

Unl M Unn an e Vnn

The rank of a matrix is the maximum order of a determinant not zero
issuing from the matrix. It is well known that if p is the rank of matrix 7,
there are n — p linearly independent solutions for ¢,,...,c,. Each of these
solutions gives a function v = ¢yu; + - - - + cnun which satisfies system I.*

* Bocher, Legons, Chap. II.
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In what follows we shall suppose the ranks of both 7} and T, to be n — 1
and shall treat exceptions when they arise as special problems. We are led,
thus, to consider the vanishing of two new expressions

Ui -+ Un Vie « -« Via
Fp=1|-+ -+, F=]
Uni -+ Unn Vot « -+ Van |

If the coefficients of L(u), U;, and V; depend also upon a parameter 1,
then F, and F; will be functions of 2, and for every value of A for which F,
or F, vanishes there will correspond a solution of system I or II. The equation
F, () = 0 has been called by Bocher the characteristic equation of system I.

We now assume that F) () is known to vanish for a succession of values
Ai,%3,..., An. The object of this discussion is to develop conditions under
which F}, will vanish also.

Consider the new function

F) = FF,, L <i<lL,.

If the coefficients of L (u) are continuous throughout the region a < <b,
L, <A< L,, and the coefficients of U; and V; are continuous in the interval
(L, L,), it may be shown that F'(4) is also a continuous function in the inter-
val (I, Ls).* The following consequences are immediate:

Consider F'() in the interval 4; <41 < 4;41 where 4; and 4;+, are two
successive zeros of Fy. If F; does not vanish in the interval, then the sign
of F(A;+ d2) will be the same as that of F(;41 — d4). If, however, (a),
the sign of F'(1; + 1) and the sign of F'(4;4, — 1) differ, then F; will have
at least one zero between 2; and 4;4,. If, (b), for every such zero u; in the
interval (4; ;1) neither F'(u; 4+ 0 ) nor F (u; — d 1) is zero, then the zeros u;
must be isolated. Then, if u; and w;4y are successive zeros of Fy in (L, L)
and if, (c), the signs of F'(u;+ d2) and F(u;1, — d ) differ, then F, will have
at least one zero between the zeros of Fs. The condition (&), under the original
assumption that F is known to vanish at a succession of values 4,,..., 45,
forms an existence theorem for system II and the conditions (a), (), and (c)
together assert that the characteristic numbers of systems I and II separate
each other.

Now we have

FQ;+02) = (Fy-0F, + F, - 0 Fy);_,,+ terms of higher order

* Bocher, Legons, pp. 7-8.
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and since F (4;) = 0, we shall have to a first approximation
F(4i+02) = (F;-0F ), and F(lip1— 02) = (Fy- &' Fy )y,

Throughout this paper ¢’ will be used to denote the increment which
results from a negative increment of the independent variable.

These results may now be stated in the following fundamental theorem:

Suppose (4, 2, . . . , An) are successive characteristic numbers of system I and
(11, 3, . . ., pn) sucCcessive characteristic numbers of system IL. If (Fy- 6 Fy);— A
and (Fy-0'Fy)y—,, have different signs, then system II has at least ome
characteristic number between 4; and ;1.

If (Fy- 0 Fy)y_,, and (Fy-8'Fy),_,,,, also have different siyns, then the
characteristic numbers of systems 1 and II alternate.

II. APPLICATION TO STURM’S SYSTEM

The theorem developed in the last section will be applied first to the simple
problem of finding conditions which will assure the existence of characteristic
numbers of the following system of second order:

W @U@tk Du@ =0,  a

IA
8
IA
S

ey(Nu(@)+e(Wu'(@) =0, —oo <
B (4) u(d)+ B (1) W' (B) = 0.

INA
>~
I
+
8

@)

We shall assume «; (1) and 8; (4) to be continuous functions of 1, k(z) to
be continuous and positive in (ad) and g(4, x) a continuous, monotone in-
creasing function in both arguments with the added condition that

@) lim g(1, ) = —oo, lim g(, z) = + oo.

A=—c0 =0

This condition may be shown to insure as large a number of zeros as we
choose in the interval (ad) for any continuous solution (4, x) by taking i
sufficiently large.* Moreover, due to the continuity conditions on the
coefficients these zeros are continuous functions of 2 except, perhaps, those
at one extremity or the other of (ab).t

* Bocher, Legons, § 13.
1 Bocher, Legons, p. 61.
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Since there exists a solution of (1) which satisfies for all values of 4 the
initial conditions u (a) = a3, u'(a) = — @, where |e;|+ |a3| F 0, it is clear
that for every value of 4 there exists a solution which satisfies (1) and the
first condition of (2). Assume, now, that e,/e, is a non-decreasing function
of 4. Clearly, then, @; could not vanish unless «, vanished also, but this case
has already been excluded. Consequently, since u (4, x) will vanish in (ab) as
many times as we please by choosing 4 sufficiently large and since these
zeros are continuous functions of 4, the zeros must enter the (ab) interval
through b. Hence (4, b) will vanish at an infinite number of values of 4,
i.e. (44, 43, ...). In the special case @3 = 0, no special assumption needs to
be made since the zeros must necessarily enter through either x = a or x = b.

Hence we see that for an infinite number of values solutions exist for the
auxiliary system

2 k@) @]+ 9 G, ) ule) = 0,

o u(a)+ esu'(a) = 0,

u(b) = 0.

In order to apply the theorem of the last section we must consider the
characteristic functions F; (1) and Fy(1), where the first belongs to the
auxiliary system just written down and the second to system (1), (2).

It is clear that we may, without loss of generality, specialize a fundamental
system of integrals u (x), us(x) by means of the relations

Uy (b) = 0, B uy (b)+:82 ui(b) =1,
uz(b) = 1, ﬂl U2 (b)+ﬂ2 uzl(b) = 0.

(4)

In terms of these integrals the characteristic functions are easily seen
to take the following simple form:

Fi= a1u(a)+ e ui(a), F, = —[al Uzz(a)+a2 uﬁ(a)]-

Since, by hypothesis.
®) Fi(4) = 0,
we shall have

(6F1 Fz)xz'zi = —(a1 6u1—|— oy 6u{—|— Ui 6a1+u{(5a2)(a1 uz-l- 22} u§)1=1‘.
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By means of the method of variation of parameters it may be shown that

Sud) (z) = Piuld () + Q, u§) (x)

J dg () u; (t) [z (8) wi? () — w1 () ()] dt
=12 j=0,1)

k(b)

where we have set for brevity
Py = — 8, [0u; (B) uz (b) — dui (b)) uz (B)],

Qi = — B2 [0ui(b) 11 (B) — dus (b) ui (B)].

Consequently, making use of (5) and noting that @, = 0, we have

b
0F Eav= | foraainct o (S2] ()o(2)]

Similarly

OF, F)j—p, = —_Tisb—){[ k(b) 6 —|—f§g uz dt] (o) uy+e, up)?

E®)\2 ([ % oy
(B0 (o)

From these two expressions, recalling the fundamental theorem, we may
conclude that the characteristic numbers of the two systems will alternate
if the following conditions are fulfilled:

(@) g (1, ) is a monotone increasing function of x and 4, satisfying con-
dition (3);

(b) Bs/By and /s are non-decreasing functions of ;

(¢) | Bs| is bounded below;

(@) | &)+ e 0.

These conditions are the well known conditions for the existence of cha-
racteristic numbers for the Sturmian system (1), (2).

III. THE GENERAL SELF ADJOINT SYSTEM OF SECOND ORDER

We shall consider next the general self adjoint system of second
order,
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k@) v @]+, ) i) =0,
ey () (@) + s () o (@) = Buu B) u ) + B () B),
a1 (3) (@) + ess () 0 (0) = s () u ) + Bn (D) ),
k(@) (B Brr— s Brs) = (D) (e etyg — ety ).

(6)

We shall suppose that %(x) and g (4, x) are limited by the same conditions
as were imposed upon them in the last section. If now we let

Lij = Li(w) = enuj(a)+ enuj(@), My = Mi@w) = Biauj(d)+ Biuj(b),

where u; is any particular solution of the differential equation, and choose
for an auxiliary system the Sturmian system whose boundary conditions are

Li(w) = 0, M (w) = 0,

then the functions F; and F; will be defined as follows:

Ly Ly Ly — My, Lys— M,
F()= , FQ) = .
My Mg Lgy— My, Lys — M,
Let
Ly = 0, Ly =1,
(7) Ls =1 ’ Lss = 0,
BiiBss — Bs Bis = —k(b), oy a3 — @y 05 = —k(a).

It is always possible to do this since the first conditions merely particularize
a fundamental set of solutions (u; and us), while the last condition amounts
to multiplying the boundary conditions by a suitably chosen function of 4.
From these conditions, since u;us — usu; = 1/k(z), it follows that

(8) M, Mss"“‘«Mls Mn = —1.
Consequently
F, 1 (1) = —Mu’

F;(1) = M13+M21 "‘2,
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whence
(6F1 Fz)/l:zi - - d-2'[11 (Mu + le - 2)1:1‘,

By means of the variation of parameters, it may be shown that

du (x) = Pul(x)+ Q,uf’ (x)— fd 9@ u, () [u, (€) uf (@) —u, (8) ) ()] d ¢

=12,5=0,1,
where we have set for brevity

P; = k(a) [0ui(a) uz(a) — dui(a) us(a)],

Qi = k(a) [0wi(a) uy (@) — Sui(a) ui(a)].

Since (M11);—; = O and since, from the self adjoint condition on the
coefficients

© 0 gyt 0093 gy — @y ety — @3 0ty = 0,
B 6,8,, + Bss 61811 — B 5:312 — Bis 613:1 =0,
we have
b

—ORE= (0 f oo ot 0+,

+ 8,12 + Bousui—2 ul) + 6812 (—% + Borurui + Boo 11'12——214{) .

Let us recall from (8), since M;; = 0, that M;3 My, — 1. Hence

2

b
(10) —(OF Fyi—p= (Ql—f"yuidt)(Mm—l)’+ k(b)d(%) (ul— k'e(‘;))

Similarly
—(0F; E)l:p‘ = (0 Mys+ dMn)Mu-

Since, from (7) and (9), we get P, + Qs = 0, and since

(11) Fy (.‘"t) = (M12+ M81—2)l=p.( =0,
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it follows that

—OF,F)y_p — (P—— )Mf—l—?(Qz—i— )M (M,,—1)
271 i 2 2“:!1 1 J 11 1

— (Ql +f) (1—M;2)*+ (w20 811+ w0 B12+ 1010 B2y + ui 6 B20) My,
11

b
where we have used the abbreviation f: f—d gus uj dt.
i;‘ a
But by the use of (8) and (11) and the fact that wujuz—usuy = 1/k(z), it
may be shown that

(g0 811+ u30 812 + w20 By + w1 0 B22) M1y = (811082
— Ba1 6/911) uf ‘|‘ 2 (ﬂlz 51321 — B2 0 ﬂn) wug + (312 0 Ba2
— Bz 0 B1a) ul + 20 B us + 208150 + (811 0 B1z— B120811)/k (D).

In order to show that this quadratic polynomial is always positive, it will
be sufficient to know that D;, the determinant of the coefficients, is positive
or zero and that D; and D,, the leading principal minors of the determinant,
are both positive. Similarly the polynomial will be negative if D; is negative
or zero, D; positive, and D, negative.

By use of the second equation in (9) and by a proper combination of
multiples of columns in Dy, it follows readily that

D, = ﬁudﬂzx—ﬁsl 6,311; Dy, = k(b)(dﬂwaﬁm—a/gszaﬁu)a Dy = 0.

Similarly the determinant of the quadratic form in My, and (M;;—1) is

Dy — (Qs +!)2+ (Pﬂ‘f ) (Q‘ +l«f )

11

b 2
= QG+ P Q1+f—6g(—Q1u§+ 2Q2u1u2+1>2u¥)dt+f—ff.
a 11 22

21
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From these determinants and from (10), it is evident that the theorem of
the first section will apply providing the following conditions are imposed,
in which, as before, the prime pertains to the increment resulting from
a negative increment of the independent variable:

At
)'=l,i; Q1<0, 6(‘312)20’
Bu
— . ! ! ﬂli
A= Jity; >0, d (—) é 0,
By

(12) 4= p; @G+PQ <0, <O,

6(%) =0, 08 61822—6ﬂ316ﬁ12 é 0,

11
A= Mit1;5 Q'23+P5Qi é O’ Q;>Oa

¢’ ('ﬁﬁ) <0, 08108y — 085081 < 0.

11

Since Q@ + P, @ = (1/k(a)) (G etgy 6 ety — G @13 d ) and Q, = (edi/k(a))
. 0 (ay3/ey,), we may state the following existence theorems:

THEOREM 1. Between two successive characteristic numbers of the Sturmian
system L, = 0, M; = 0, there must always lie at least one characteristic number
Jor the general self adjoint system of second order Ly = M,, Ly = Mj.

THEOREM II. Under the additional conditions

(1) g—”— a non-decreasing function, |8y,| + |Bu| ¥ 0;
11

(2 aﬁu aﬂss—aﬂm 5»812 and 0'By; ' Bz — 0’8y, 0By é 0,

Oay Oagy—d ey 0 and 0'eyy 0’ agy—0'ay 6'e;y < 0,

the characteristic numbers of the Sturmian system and the general self adjoint
system alternate.

It must be noted that both of these theorems are valid only under the
assumption that the rank of the matrix of the general system is different from
zero. This exception is the problem treated in the next section.
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IV. THE CASE OF DOUBLE VALUES

We observe, first, that when M;; = 0, My = 0, M;; = 1, M, = 1, the
rank of the matrix T (Section I) is zero and consequently two linearly
independent- solutions must exist for such a value of 2. Let u be such
a double value of A.

Then

B
OFy= —@ My = — Qi+ f sguar+ fa g(52).

Consequently, under the conditions already imposed, F; changes sign at p.
We next compute

(6’Fs)1-_—,‘ = 2(0 Mss O M,, —3 M, "Mn)):ﬂ

2(267A,- )

=1

where the A; are the determinants in order that can be formed from the matrix

Bii Bz 0By 08y
Bsi Bss 08y OB

and the U; are the corresponding determinants from the matrix

duy 0wy wy  uf
Sus Sus ws ) |

From a computation based on the formulas of the last section it may be
proved that

1 o 1

b=—pl UV =3m
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Upon expansion A; Us + A3 Us + A, U, + A5 Us is found to be a quadratic
form in w;, uz, w1, vz whose matrix is the following symmetric array:

A4 K AK AM AM
4K 4K AM AM
AM AM AN AN
AM AM AN AN

where

b b b
K=—P2-f6gu§dt, M=——Q2+fdgu1u2dt, N= Ql—fdgufdt.
a a a

‘Suppose 4, is the determinant of the matrix and A,, As, As are the leading
principal minors of A,. Then the quadratic form will be positive definite

providing 4,, ..., A, are all positive, or negative definite if 4,, ..., A, are
alternately negative and positive.
It can be proved upon expansion that A, ..., A, are resolvable into the

following factors:
A = 4K, Ay = A2 K (4 A — A3) (KN — M),
f =K' (A2 s —43), A = (Ao ds— A3 (KN —M).
Consequently we must demand that
Ay ds— A3 >0, KN—M’>0

and the sign of the form will be that of 4; K.

But
KN—M? = — D, (of the preceding section),
Ay Ay — A3 = Ds,
A2 == D]. .

Therefore, since it follows from (12) that 4, K<0, the quadratic form
must be negative definite under the restrictions imposed by Theorem II, from
which it follows that 62 Fy < 0.
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THEOREM III. Under the conditions of Theorem 11, two successive zeros of Fs
are always separated by a zero of Fy. As a limiting case two zeros of Fy may
coincide with a zero of Fy. Since the sign of F = F\ Fy changes at every zero
of F\, and Fy, the ordering of the zeros is uniquely determined from a knowledge
of the sign of F when A approaches negative infinity.

V. EXTENSION TO THE CASE WHERE k VARIES WITH 4

The conclusions just obtained afford an easy method of extension to the
case where % is a function of 1 as well as of z.

If we transform the general system (6) by means of the transformation
u = Q(z)v where Q(z) = 1/V'k(x), we shall obtain the following system

UI"‘I‘Q(lyw)v =0,
(13) Auv(a) + Alz ’U’ (a) = Bu'l)(b) + Blg ’U’ (b),

A21’U (a) + A22 v (a) == le v (b) —|— Bgz v' (b) 5
where ¢(1, ) = Q[ Q") + g @], and

A = 1 Q@)+ @inQ'(a), Az = @i Q(a),
Biv = 81 Qb))+ 8:2 Q' (), Biz = 8:2Q(0) (=1,2).

A simple computation will show that the new system is also self adjoint.

Now the values of 4 which furnish a solution of this system are evidently
values which furnish a solution of system (6) since we may pass from one
to the other by means of a non-singular transformation.

But system (13) is itself included under the theorems which apply to
system (6) so that if the coefficients of (13) are properly restricted the existence
of 4’s for this system and consequently for system (6) will be established.
Since the k is now absorbed in ¢(1,z) we need no longer restrict it to be
a function independent of 4.

We should notice also that, since @ does not vanish in the interval, the
oscillation properties of » and v are identical.

VI. THE ORDERING OF THE ZEROS OF F) AND F}

We saw from Theorem III that the ordering of the zeros of F; and F} is
uniquely determined from a knowledge of the sign of F' when 4 approaches
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negative infinity. We consider F' = F\ Fy = — My, Mys — My, My, + 2 M,,

as 1 »>— oo,
From the relation 2; u5—us u; = 1/k (x) and recalling (7) we may prove that

b

I N G T  Sus
w2 (b) = ——;1—2+fk(t)uf(t)d w1 (D) = Sui(b),
i b )
N _at , 1 q.
uz(b) = e T Y i (b) + OIC) Sui(d)+ T.

Under the conditions already imposed upon u, it may be shown* that for
r>a,

’
wi (2 . .
1) _ o, lim wuj(x) =00, lim u(x) = o0.
A=—o0 W1 () A=—o A=—o00

Substituting the values for uz (b) and u3 (b) in F' we have

F = — [(ﬂfl S+ Bu ,321) i+ (ﬂn Boz 1 B2 Bor + 2 811 Bra S) wy Uy

4 (B2 8+ BroB) wd® 4 (Bu Bie I'— 2 Buy) 1a + (B2 T — 2 B1z) wll.

If we notice that the discriminant of the first three terms of F, since
Bz Bis — Bi1 Bes = k(b), is equal to k*(b), it may be verified that F'is factorable

as follows:
Byt ﬂlsv_—rg)” ] [ ‘ﬂ,,+ﬂ;,V——,c(B;)” ]
Br k(@) “‘ Brt+k® |

F= —a[Br+k®) [u, —

where B = 8% S+ Bu B2, and 7w = ui/uy + Bu/Bra.

If we make the restriction that 8, and 8, shall be bounded when 4 > — oo,
recalling from Section IT that 8;; can never vanish, we see that the sign of ¥
depends entirely upon the sign of B, being positive when B < 0, and negative
when B > 0.

* Bocher, Legons, pp. 65-66.
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It is important to notice that we have here assumed that ;53 3 0, but if
this were not the case then we could express 1, (b) in terms of uz (b), choose
for our comparison system #' = M,,, and obtain a similar result.

These results, recalling Theorems IT and III, may be stated as follows:

THEOREM IV. If B, and B,s are bounded as A approaches negative infinity,
then the first characteristic number of the Sturmian system precedes the first
characteristic number of the general self adjoint system providedl lim B> 0;

=—o0
but the first characteristic number of the general system precedes or (in the case
of double values) coincides with the first characteristic number of the Sturmian
system p'rom'dedl lim B<O.
=—00
INDIANA UNIVERSITY,
BLooMINGTON, IND.



